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X-ray Diffraction by Close-Packed Crystals with ‘Growth-’' and ‘Deformation or

Transformation Stacking Faults’ Assuming an ‘n-Layer Influence’

By R. GEVERS
Laboratorium voor Kristalkunde, Rozier 6, Gent, Belgium

(Received 22 February 1954 and in revised form 20 April 1954)

The general theory is developed of the X-ray diffraction effects exhibited by close-packed crystals
containing both ‘growth-’ and ‘deformation or transformation stacking faults’.

A general ‘n-layer influence’ is postulated for the distribution of the ‘faults’ of the first and also
for those of the second type.

This means that: (1) the probability «; for a layer to be k-arranged in the original pattern of
close-packed layers, depends on the arrangement of its n predecessors; (2) the probability §; for .
a layer to be a ‘deformation or transformation stacking fault’ depends on the arrangement of ‘cor-
rect’ and ‘fault’ layers in the sequence of its n predecessors. A general expression can then be
derived for the reciprocal-lattice X-ray intensity distribution as a function of the 2*~2 parameters «;
and the 2" parameters ;.

The formulae are given for the special cases (a) an irregular pattern in which the ‘faults of the
second type’ are randomly distributed, or are not present; (b) an irregular pattern obtained by
introducing ‘faults of the second type’ into an hexagonal or cubic close-packed pattern with ran-
domly distributed ‘faults of the first type’; (c) an irregular pattern obtained by introducing ‘faults of
the second type’ into a regular cubic close-packed pattern. For the last case we give the general

expression for the X-ray intensity, as it differs from that which covers all the other cases.

1. Introduction

1. It has been proved (Jagodzinski, 1949) that the
X-ray intensity diffracted by close-packed crystals
with ‘stacking faults’ is

sin? ¢ N, 4, ) sin? $ N, A4,

— 2
I=1r] sin? 4, sin?}4,
1+2Q sin? }N,d, C,Ny(1—a2)
x[ 3 sin?ld, +(1—Q)%‘1—2x,cosA3+xf}’
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where x, are the roots of a characteristic equation,
and where the C,’s are the solution of the system

202l = Pp—% . (2)

2. In this article we shall calculate the characteristic
equation in the general case of an ‘n-layer influence’
for both types of ‘faults’ (Gevers, 1954a). We consider
a close-packed crystal with irregularly stacked layers,

grown so that an ‘n-layer influence’ exists. As described
in a previous article (Gevers, 1954b), any layer can
be the last of a succession of n layers, which may be
arranged in 2"~2 = 4] ways a;. These can be numbered
so that we have:

—> a,;

prob. (1—ay;_3), (3a)

Qi1 —
(i=L..,2D4=0,1) |—— Qiyo prob. Koi_2 s (3b)

where the «,; ;’s are the 4l transition probabilities
(Gevers, 1954b, formulae (3) and (5)).

Suppose now that ‘deformation or transformation
stacking faults’ (Gevers, 1954a) are introduced in this
irregular pattern. We shall consider here the general
case that there is a general ‘n-layer influence’ for the
distribution of these ‘faults’. This means: n layers can
be arranged, in sequences of ‘correct’ (C) or ‘fault’
(F) layers, in 2" = 16! ways a/. For a layer which
is the last of a series of » layers in an & arrangement
(in C- and F-layers) the probability 8; of its being
followed by a ‘deformation or transformation stacking
fault’ will depend on that arrangement a’. The 16!
ways @’ can be numbered in a manner completely
analogous to the one we used to number the a;-ways.
Consequently we have:

X pl‘Ob. (1 _ﬂ2j—,u) > (4:&)
a?i—#
G=1,...80(=0,1) ——> a/*% prob. B,;_, . (4b)

On introducing ‘faults of the second type’ into the
pattern already disturbed by ‘faults’ of the first type,
we obtain a succession of close-packed layers in which
a given layer can be the last of the sequence of n-layers
in one of the 8/x4/=32[* arrangements ai(j=}::-~1%).

We shall say that » successive layers in the irregular
stacking, resulting from the presence of ‘faults’ of
both types, are in an al-arrangement, if (1) these
n-layers were aq;-arranged in the pattern existing
before the introduction of the ‘faults’ of the second
type; (2) these n-layers form, after that introduction,
an a’-sequence of C and F layers.

If (3) and (4) are taken into account, the succession
of the close-packed layers is given by the rule:
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—> a% prob. (1 —g52) (1 ﬂz;—p
— alt¥ prob. (1—0‘21'—,1)/327'—,; , (5b)
a%l:a‘
S, 2822‘ %11)) —— a5 Prob. &g;_3(1—Poj—p) s (8¢)
— aﬁg% prob. xs; B2y - (6d)

3. Let Wi be the probability that a given layer is
in an aj-arrangement with its (n—1) predecessors, and
P, the probability that two layers, m layers apart,
are in the relationship A(B, C)...4(B, C), while Pl
will be the partial probability that the last of these
two layers (layer 0 and layer m) is in the arrangement
al. Then we have

The expressions (7) and (6a) form a system which
enables us to calculate Wi(izh:::2if.

2. Calculation of P,

1. If we remember that a ‘deformation or transforma-
tion stacking fault’ changes the arrangements (% or k)
of the layer in which it occurs and of the next layer
(Gevers, 1954a), we may remark that the last layer
of each of the arrangements

ar(.:: ), aft i) g C), aii}”( KR )
!

ii%z( ) aﬁigf( ), asst ),
!

agisi (o) G2,

g; Ef Wi = (6a) s h-arranged with its two predecessors, while in all
i=1j=1 other arrangements this layer is k-arranged.
a 160 2. The layer m can be the last in any one of the fol-
and = 2; 2; Pm i) - (6b)  lowing arrangements:
1=171=
4. With the aid of (5) we obtain: (1) ap(ar*™, a7y, aﬁlm’ ariih arlan arlsl,
s+81)( ,41)
1 1 a3
22(; #Z:) W4 (1 -0 2) 1=Fi) » (72) " Bach of these terminates w1th an h-arranged layer.
. Layer m will be (like the zero layer) an 4 layer if
! layer (m—2) is also an A terminating an arrangement
i+80 #(] — ) 7 Yy g g
Wi ,12'; ”%Wz”l(l %ai-1) i » (79) a2 (=3 123), and layer (m—1) terminates an ar-
- rangement
Wha = 2 ZWitioon=Fuad s 0 agrmaaiiid—, aiigg,,, sy, o™, aiy,
. ; a3i3Tg, aBiti-e) G0 TR )
W1 =
Wita ,12'(‘, Z Wi caiafoju - (7d) So we have, if we take (5) into account:
pu=0
3 3
Pmls) = 2(;' _20 Pm—2($20) - (1 —ctar_e) (1= Basy) - (L= xar o) (1= Bas—c) 5 (8a)
. 3 3 .
pm(i*”') = gf; %;pm——Z 4i:z)'(1_(x4r—s)ﬂ4s—v'(1_0‘2r—g).323+81——a s (Sb)
3 3
pm(r-t—l) = Z z"‘)pm (2::”) 0‘41‘—5 1 ,845 v) —“2r+2l—g)(1_ﬂ25—u) » (86)
3 3
Pm(sﬂzl) é; %;) Pm—2(i7=2) - 0‘4r—eﬂ4s—w(1—0‘2r+2t—g)ﬂ2s+sz—a > (8d)
3 3
pm(ii%) = Z 2;)7’"!—2(2:::) . (1_0‘47—5)/848—1"0‘27'—9(1_ﬂ'23+81—o) ’ (86)
=0 v=
m(:igf) = z(i; Z‘(‘)pm— (2:::) . (l_“ﬂr—s) (1 _ﬂds—v) . 0‘2r—gﬁ2s—a ’ (Sf)
3
Pm(ET5) = %; %; P2 ($22) - Car—eBas—s- Xorsar—o{l —Posisi—o) » (89)
3 3
y e é; %; Pr—a(B72) - ar—e(L—Pas—) - Cors1_oB2s—o (8k)
(r=1, 1 s=1,...,4;6=0,1,2,3;, v=0,1,2,3; p=0o0r 1 if e=0,1 or 2,3;

g=0o0rlif v=0,10r23).
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4l( s+81 s+41 s+81 s s+121 $
(2) a:+ (ar+ 3 ar+l ’ ar+l ’ ar+2l, ar+21 » ar+31:

@13 G2l -

Each of these terminates with a k-arranged layer.
Their probabilities

8l L 8
WH—“( WH— W;‘ii‘ Wﬁill: :+2l’ Wr+2z 3’ Wr+3l’ Wr+3l )
depend on the following possibilities:

(a) the layer m is an A-layer;

{b) layer (m—1) is an A-layer arranged as
Q2SI ( g2 s8Iy 26481
arra Mas 4, adiSs, ok aBiTy, afitie,

— 264 81—\ (u=0,1
a3ih 1 aalS T (4=3Y)

and is followed by a layer m in the desired arrangement
+4l( )

(c) layer (m—2) is an A-layer arranged as aii=’
=023

followed by a layer (m—1) arranged as

25+8l—0
Az —0

25—a

25+8l—0 ( 425—0 284-8l—¢c 2s—ag 4
(a H a°r+2l—g’

a 2r—p 2r—p> azr+2l e aZr+2l—9> aZr—g’
a :+Bl—a) (a—O orlifv=0,10r2,3
2r+2l—p/ \p=0 or 1 if e—O, 1or 2 3

and by a layer m arranged in the desired arrangement
a~v+4l ( )
If we take this into account, and also (5), we have:

. 1 1
Pm (i+4l) + 2 2 Pm—1 gitzsll_”) (1 0‘2r-—1)
A=0 u=0

Wstit —

1 1
WS = pu(t)+ 2 2 P (G374 (1 - 0ar2) Basys + 2 2 pm_z(ﬂﬁii) d(U=otgr—e) (1=Bas—) - (L= 0tar ) 25— »

A=0 p=0

X-RAY DIFFRACTION BY CLOSE-PACKED CRYSTALS

3. The expressions (8), (9) and (6b) form a linear
system which has a solution of the form

Prld) = o) + Zcr(')xr ) (10a)
Pm = 0+Zorxr ’ (IOb)

where x, are the roots of a characteristic equation.
This equation can be found in the usual way (Gevers,
1952, 1954a) by substitution of the formulae (10) into
the system. We obtain then the equation:

det. @ =10, (11)
where the matrix @ is
€ = 2?0+ DG+ H)+HG—H)?, (12)

where D, &, d, 4, 76 are matrixes of order 16, of which
the elements are themselves matrixes of order 4l.

& is a diagonal matrix with elements equal to &,
if F is the unit matrix of order 41;

D is a diagonal matrix with elements D,; so that:

Du=0(E=1, 4l), Dy=H(i=41+1, ..., 8l),

D=H(E=81+1, ...,12l), Dy=G(@E=120+1, ..., 16])
if G and H are the matrices we constructed in our
previous article (Gevers, 19545, §§ 2, 4);

o is a diagonal matrix with elements equal to
(F—H)(G+H);

Wit = Pu (i) + 2 2 Pm—l(giigf:'ﬁ) (1 —ogri02) (1 —Bosigip)

A=0 u=0

“ﬁ2s+81—,u)
+§0 2 P2 (B2 (L= 04— Bas—y . (1 — —02r_g) (1 —PBosisi—g) (9a)
(9)
3 3
+ 2 2 Pm—2 g::) . 0‘4r—eﬁ4s—v- (1 _“2r+21—g) (1 “/323+sz—a) ’ (90)

=0 v=0

11
W’r’i?l = pm(:+sz)+z 2 Pm-1(§f-l'2‘z—a) (1 —coryoa ,st—p +2 2 Pm—a($572). &ar—o(1 =B (1 —0‘2r+2z—g)ﬂzs—o ,» (9d)

A=0 u=0

1

1
W2ior = DmGia) +AZ; Zopm—l(gi:f)-o‘zr—z
= /l:

W:T—élm = pm(f‘ijélzl)'i'z 2 Pm—y (2r A

A=0 pu=0

Wiia = Pm(r+az)+2; Zopm— 1&75-1). ool —PBos—y)
=0pu=

Wi =
A=0 u=0

(r=1 Sls=1,...

121 25481 -
Pm(:iaz )+ 2 2 Pm—1 (23121 4. 0‘2r+2z—;./32s+sz—,4 +3 X pm—2(::—:)'0‘4r—e,843—v"x2r+2l—g,82s+sl—o‘

24 A=0,1; p=0,1; £=0,1,2,3; »=0,1,2,3

=0 v=0

ﬂ2s—;¢ ) + 2;; %‘ Pm—2(822).(1 —ogr_e) (1 —ﬂu—y)-o‘zr—g(l —Bas—s) > (9¢)
3 3
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3 3
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]
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©w ©
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&=0 y=0

)

e=0orlife=0,1o0r23;, ¢=0orlif »=0,1o0r23).
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g and 76 are obtained if, in the expression for @
and H, we change each (1—u;) into (1—8;)E and each
7] into ﬁzE .

4, With the aid of (6a) and (7) it can be proved that
Cy = } and the C,’s can be calculated by solving the
system (2). The values of P,(m =0,1,...) may
indeed be calculated directly with the aid of (8), (9)
and (6b) if we take into account that

po(l) = Wi and p,()) =0(j:1, ..., 16l; ¢ =1, ...,4]).

5. It has been stated and proved (Gevers, 1953a,
1954a) how the expression

+ 1—2zx, cos Az+a?

of the formula (1) can be calculated without solving
the characteristic equation (11) and the system (2),
and how an equivalent equation can be calculated
from the measurements of the diffuse X-ray intensity.
6. If there is an ‘n-layer influence’ for the ‘faults
of the first type’ and an ‘m-layer influence’ for ‘those
of the second type’, we have supposed that n = m.
This assumption does not restrict the generality of the
calculation, since an ‘n-layer influence’ can always be
reduced to an ‘(n—p)-layer influence’ by taking

Gy = Qg = 00 = Gop; +e43

Kojpr1 = Koipyo = « o0 = Ko(it+1)ps ==+ »

3. Special cases

1. Suppose B, = s = ... = By = B. This means
that the ‘deformation or transformation stacking
faults’ are randomly distributed. With this simple
assumption, and making use of the properties of
determinants and matrices, we can prove that equation
(11) can then be brought into the form

det. C,=0 if
C,=2*E +2G+[1-38(1-p)}(G—H)(G+H). (13)

It is easily verified that the formulae given by Wilson
(1942), Hendricks & Teller (1942) (8 =0, n = 2),
Jagodzinski (1949) (8 =0, n = 3), (Gevers (1952)
(B = 0, special cases n = 4 and n = 6), Gevers (1954a)
(B =0, n =4), Kakinoki & Komura (1952) (f =0,
n = any number), Gevers (1954b) (f =0, n = any
number), Paterson (1952) (8 =0, n = 2, & = 1), Ge-
vers (19535, 1954a) (f = 0, n = 2), Gevers (1954qa)
B+0,n=3, 0 =1, x, =0), Gevers (1954a) (f =+ 0,
n=4, x=1, a3=1, &, =0) and Gevers (1953c)
B+0,n =06, 0 =0;=03; =1, g = x4 =0) can
be calculated with the aid of (13).

2. If the original pattern (and by this we mean the
pattern as it was before the introduction of the
‘deformation stacking faults’) is a cubic or hexagonal
close-packed one with randomly distributed ‘growth
stacking faults’, it can be proved that equation (11)
can be brought into the form:

743

det. C,=0 if C,=

2B +2D'(Q'+H')+ (20— 1)(G'—H')?2 (14)

or
det. C3=0 if Oy = 22E'+2x(G'+H')
+ (20— 1) (e@' +e*H') (e*G+eH') (¢ = exp [—i§n] , (15)

where E’, D', G', H' are matrices of order 16/;

E’ is the unit matrix;

D' is the diagonal matrix with Dj; = «; 1 —o; 1—«;
o for ¢=1, ..., 41; 4+1, ..., 8l; 8I+1, ..., 12];
121+1, ..., 16l);

G’ and H' are constructed as 4 and 0, but the
elements (1—8;,)E and §;E have to be changed into
1-p; and f,. .

3. We consider now the important case of a cubic
close-packed crystal containing ‘deformation or trans-
formation stacking faults’ (with a general ‘n-layer in-
fluence’). The characteristic equation is given by (15),
making « = 1. We can prove that this equation can
be split into the two equations det.C; =0 and
det. C;' = 0 if

Cy = 2B’ —eG'—e*H' (16a)
and
Cy = 2B’ —e*G'—eH' . (168)
The roots of (16a) and (165) will be:
Zr = Qr €Xp (Ztiar) ’ (17a)
and we can put
C, = A,+iB, . (170)

In this case the X-ray intensity I is not given by for-
mula (1). Jagodzinski (1949) considered only the case
in which the probabilities (P2 and Pg) of two layers,
m layers apart, being in the relationship A(B, C)
...B(C, A) or A(B,C)...C(4, B), are equal, while
this is obviously not so in the case we are considering.

We can, however, prove that P2 (and P§) are given
by (10b) and (17a) if mf is changed into (mf—3%x)
and (mB+3n). It is easily verified that this is so in
the simple case which Paterson (1952) considered.

By generalizing Paterson’s (1952) method of cal-
culating I, we obtain

I= |FIzSin2 %NIAI sin? %NzAz{l +2@Q sin? JZA.N:,A3

sin® 34, sin®3d4, | 3  sin?id,
N,[A4,(1—08)+2B, sin (4,+ 6,)]}
1—2p, cos (A;+0,)+0?

+(1-Q) 2 (18)

+for H—-K = +1 (mod. 3) .

The relations between the hexagonal indices H, K, L
(A4, = 2nH, A, = 27K, A, = 3nL) and the usual cubic
indices h, k, I are given by Paterson (1952).

4. I is given by formula (1) except when ‘faults of
the second type’ are introduced into a regular pattern
for which P2 =+ P{.

This was so in the case considered in 3, but also
occurs when the regular stacking is of the SiC 15R-
type (hkkhk-type). The calculations for the latter case
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have also been done on the simple assumption §, =
B = ... = f (Gevers, 1953c).

The author is grateful to Prof. W. Dekeyser for the
stimulating interest taken in this work, which is part

of a research programme (C.E.S.) supported by
ILRS.IA.
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Some Calculations of Atomic Form Factors*

By JeaxN A. HoErNI aAND JamEs A. IBERst
Gates and Crellin Laboratories of Chemistry, California Institute of Technology, Pasadena, California, U.S. A.

(Received 5 April 1954 and in revised form 5 May 1954)

X.-ray atomic form factors for carbon, nitrogen and oxygen have been computed from Hartree—
Fock radial wave functions, and compared with the values previously obtained by James &

Brindley, and McWeeny.

The X-ray form factor for coherent radiation is given
by
f(s) = S o(r) exp [is - rldv,., (1)

where o(r) is the electronic density of the isolated
atom and s = 4mA-lsin § is the magnitude of the
vector s in reciprocal space. If the electronic density
is spherically symmetric (1) reduces to

sin 87'

fls) = S U r @)

where U(r) is the total radial charge density. James &
Brindley (1931) (J & B) evaluated (2) for a number
of atoms, using the Hartree values of U(r) (self-
consistent field, without exchange). For other atoms,
for which the Hartree field was not available, they
resorted to an interpolation. These calculations have
been extended to higher values of s by Viervoll &
Ogrim (1949).

If the electronic density is aspherical, it is convenient
to decompose (1) into the separate electronic contri-
butions. Filled or half-filled sub-shells are spherically
symmetric and can be treated as in (2), but odd »
electrons, d electrons, etc. require special handling:
For a p electron defined by

* This work was supported in part by the U.S. Office of
Naval Research. Contribution No. 1898 from the Gates and
Crellin Laboratories.

t General Electric Company Predoctoral Fellow 1953-1954.

o V@) P @

(where 0 is the polar angle relative to the axis of the

orbital and S P3(r)dr = 1), McWeeny (1951) (McW)

has shown that the transform of (3) by (1) gives
o =fp cos2 @+f,; sin2 @, 4)

where @ is the angle between s and the axis of the
orbital and

1= %r SSS P2?(r) cos® 0 sin 0 exp [isr cos 0]drdfde , (5)

3
F3 =z \§ P2 sin® exp [isr cos 6] sin® pdrdfdgp . (6)

McWeeny also obtains a ‘mean contribution’ by aver-
aging (4) over all directions:

Iy = 3f3+35. ™)
Similar quantities f", f* and f are defined for the
whole atom by addition of the respective contributions
of the individual electrons. McWeeny has applied these
results to atoms from hydrogen to neon, using the
approximate variational wave functions obtained in
analytic form for the ground states by Duncanson &
Coulson (1944).
Self-consistent fields, many of which even include
exchange (the Hartree—Fock calculation), are now



